Using lattice theory, we establish a one-to-one correspondence between the set of Fourier-Mukai partners of a projective K3 surface and the set of 0-dimensional standard cusps of its Kahler moduli. We also study the relation between twisted Fourier-Mukai partners and general 0-dimensional cusps, and the relation between Fourier-Mukai partners with elliptic fibrations and certain 1-dimensional cusps.
Introduction
The excellent work of Mukai ([8] , [9] ) and Orlov ([11] ) opened a way to study derived equivalence for K3 surfaces via their periods. One of their conclusions is that two projective K3 surfaces are derived equivalent if and only if there exists an isometry between their Mukai lattices preserving the periods. This theorem can be viewed as a generalization of the global Torelli theorem for K3 surfaces. Let FM(S) be the set of isomorphism classes of Fourier-Mukai (FM) partners of a projective K3 surface S, i.e., K3 surfaces derived equivalent to S. As an application of Mukai-Orlov's theorem, Hosono-Lian-Oguiso-Yau ( [4] ) gave a counting formula for #FM(S).
In this paper, as an application of the Mukai-Orlov's theorem and the Torelli theorem, we construct a bijection between FM(S) and the set of embeddings of the hyperbolic plane U into the lattice N S(S) := N S(S) ⊕ U up to the action of a certain finite-index subgroup Γ S ⊂ O( N S(S)). Then, by considering the isotropic vector (0, 1) ∈ U , we obtain 0-dimensional standard cusps of the modular variety Γ . We shall prove the following. respectively (see Sect. 3.2 for the definitions), and using Huybrechts-Stellari's solution of Cȃldȃraru conjecture ( [7] ), we shall prove the following. has also 1-dimensional cusps. Let FM ell (S) be the set of isomorphism classes of pairs (S ′ , L ′ ), where S ′ ∈ FM(S) and L ′ ∈ P ic(S ′ ) is the line bundle associated to a smooth elliptic curve on S ′ . In the same manner as in the case of 0-dimensional standard cusps, we relate FM ell (S) to the set Γ whose closure contains a 0-dimensional standard cusp. The map µ 1 from FM ell (S) to the set of such 1-dimensional cusps is surjective but not injective in general. For example, for generic K3 surface S with N S(S) = U (r) (r > 2), we will calculate µ 1 explicitly to conclude that µ 1 is far from being injective (Example 4.13). On the other hand, if detN S(S) is square-free, then µ 1 is bijective (Corollary 4.11). It turns out that FM ell (S) carries informations about the compactifications of 1-dimensional cusps in Γ . That is, we have a canonical isomorphism (Proposition 5.1)
Hence Theorem 1.1 asserts that FM(S) is identified with the 0-dimensional standard cusps of the Baily-Borel compactification of Aut
. However, the lattice theoretic approach employed in this paper does not explain any intrinsic reason for the correspondence between (twisted) FM-partners and 0-dimensional cusps. It may be interesting to understand the correspondence in more derived-categorical way.
This paper is organized as follows. In Sect.2.1, we recall some facts about even lattices and their discriminant forms, following Nikulin ([10] ). Sect.2.2 is devoted to the study of isotropic elements of an even lattice. In Sect.2.3, we recall the Baily-Borel compactification of an arithmetic quotient of a type IV symmetric domain, following [1] , [12] , [14] . In Sect.3.1, we prove Theorem 1.1. In Sect.3.2, we prove Theorem 1.2. In Sect.4.1, we define FM ell (S) and relate it to primitive embeddings of U ⊕ Zl into N S(S). In Sect.4.2, we study the relation between FM ell (S) and certain 1-dimensional cusps of Γ
. In Sect.5, we observe the action of Γ
, and we also describe Γ
in terms of the space of stability conditions. Notation. By an even lattice, we mean a free Z-module L of finite rank equipped with a non-degenerate symmetric bilinear form (, ) :
Denote by rk(L) and sign(L) the rank and the signature of L, respectively. For a lattice L and a field K, L K denotes the K-vector space L ⊗ K. For two lattices L and M , L ⊕ M is the lattice defined as the orthogonal direct sum of L and M , while L + M denotes the direct sum of the Z-modules underlying L and
For an element l ∈ L, we define the positive integer div(l) to be the generator
We denote by I r (L) the set of primitive isotropic sublattices of L of rk = r. A non-zero element l ∈ L is called isotropic (resp. primitive) if Zl is isotropic (resp. primitive). We denote
By a K3 surface, we mean a projective K3 surface over C. For a K3 surface S, we denote by N S(S) (resp. T (S)) the Neron-Severi (resp. transcendental) lattice of S. Set N S(S) : 2 Preliminaries from lattice theory
Even lattice and its discriminant form
For an even lattice L, we can associate a finite Abelian group
, and write r instead of r L . The following well-known facts due to Nikulin will be used frequently in this paper :
Two even lattices L and M are said to be isogenus if sign(L) = sign(M ) and (A L , q L ) ≃ (A M , q M ) ( [10] ). The set of isometry classes of lattices isogenus to L is denoted by G(L).
Here the equality holds if and only if
L ≃ M by pr M • (ϕ| L ). Since A L ≃ A L⊕U ≃ A M⊕U ≃ A M , we get |A M | = |A L |, so that L ≃ M .
Primitive isotropic vectors
Let L be an even lattice possessing a primitive isotropic vector l. We shall study some properties of L related to l.
l, we have (l, l) = (m, m) = 0 and (l, m) = 1. Hence there is an embedding ϕ : U ֒→ L with ϕ(f ) = l. Since the lattice U is unimodular, we have 
The Baily-Borel compactification
In this subsection, we recall the Baily-Borel compactification of an arithmetic quotient of a type IV symmetric domain ( [1] , [12] ), following [14] . Although the Baily-Borel compactifications are defined for general arithmetic groups, we restrict ourselves to finite-index subgroups of
Regarding Ω
, we can decompose its boundary in Q as follows:
where I is an isotropic subspace of L R and B I is the interior of P(
Each B I is biholomorphic to the upper half-plane H or a point. The set B I is called a rational boundary component if I = E R for some isotropic sublattice E of L. Thus there is a canonical identification
for i = 0, 1, and Ω + L has no higher dimensional rational boundary components. Now assume that we are given a finite
where 
By our assumption that Γ ⊂ O(L)
+ , the notion of standardness is welldefined. Since {±id} ⊂ Γ, the set of 0-dimensional standard cusps of Γ\Ω + L is identified with Γ\I 1 (L). For a rank 2 primitive isotropic sublattice E ∈ I 2 (L), the compact curve
is obtaind from the modular curve
by identifying Γ-equivalent points in Zl∈E [Cl] . The modular curve (4) is the canonical compactification of
3.1 0-dimensional standard cusps and FM-partners
as triangulated categories. Let FM(S) be the set of isomorphism classes of FM-partners of S. By the results of Mukai and Orlov ([8] , [9] , [11] ), FM(S) can be studied via the period of S. We denote by H(S, Z) the total cohomology group H * (S, Z) equipped with the Mukai pairing
where
The lattice H(S, Z) inherits the weight-two Hodge structure from
It is obvious that T (S) = N S(S)
⊥ ∩ H(S, Z).
and only if there exists a Hodge isometry H(S, Z) ≃ H(S ′ , Z).
Thanks to this theorem, we are able to obtain every member of FM(S) by an embedding of U into N S(S).
Lemma 3.2. For an embedding ϕ ∈ Emb(U, N S(S)), there exists a unique (up to isomorphism)
Proof. The lattice Λ ϕ is an even unimodular lattice of signature (3, 19) , hence is isometric to the K3 lattice Λ K3 . Since T (S) ⊂ Λ ϕ , Λ ϕ inherits the period from that of T (S). By the surjectivity of period map ( [15] , [16] ), there is a K3 surface S ϕ such that H 2 (S ϕ , Z) is Hodge isometric to Λ ϕ . By the Torelli theorem ( [13] , [16] ), S ϕ is unique up to isomorphism. Since
is an isometry of lattices preserving the periods, S ϕ ∈ FM(S) by Theorem 3.1.
Conversely, if S ′ ∈ FM(S), there is a Hodge isometry Φ :
By the construction of S ϕ , we can identify T (S ϕ ) = T (S), and N S(S ϕ ) = ϕ(U ) ⊥ ∩ N S(S). We shall introduce an equivalence relation on Emb(U, N S(S)) to make the above correspondence bijective.
where O Hodge (T (S)) is the group of Hodge isometries of T (S), r g
) and r T (S) : O(T (S)) → O(A T (S) ) are the natural homomorphisms, and the isomorphism λ :
, q) (cf. Proposition 2.1).
By the natural identification N S(S)
the group of Hodge isometries of H(S, Z), then Γ S is the image of the natural homomorphism
by Proposition 2.1. In generic case, the period ω S is not contained in any eigenspace of any
Γ S is a finite-index subgroup of O( N S(S)). Then Γ S acts on Emb(U, N S(S)) from left as γ(ϕ) := γ • ϕ for γ ∈ Γ S and ϕ ∈ Emb(U, N S(S)). Proof. It suffices to show that S ϕ1 ≃ S ϕ2 if and only if there exists an isometry γ ∈ Γ S such that ϕ 1 = γ • ϕ 2 . By the Torelli theorem, the former condition is equivalent to the existence of a Hodge isometry Φ :
Given such Φ, we get a Hodge isometry Φ :
Conversely, if there exists γ ∈ Γ S such that ϕ 1 = γ • ϕ 2 , we can find a Hodge isometry g : T (S) ≃ → T (S) which is compatible with γ on the discriminant group. Then, again by Proposition 2.1 (2), γ ⊕ g extends to Φ ∈ O Hodge ( H(S, Z)), which gives a Hodge isometry between and Ω
, we know that Γ + S is of index 2 in Γ S . Recall from Section 2.3 the canonical identification
Lemma 3.5. The natural surjection
is bijective.
with Ω
. Therefore Γ
Theorem 3.6. Let {e, f } be the canonical basis of the lattice U . The map
Proof. The map µ 0 is well-defined by Proposition 3.4. Since l ∈ I 1 ( N S(S))
induces an embedding ϕ ∈ Emb(U, N S(S)) with ϕ(f ) = l, µ 0 is surjective.
, the isometry id e H(S,Z) induces the Hodge isometry Φ :
gives a Hodge isometry between H 2 (S ϕ1 , Z) and
is identity on T (S ϕ2 ) = Φ(T (S ϕ1 )).
In this way, we have
}.
General 0-dimensional cusps and twisted FM-partners
In this subsection, using Huybrechts-Stellari's solution of Cȃldȃraru conjecture ( [7] ), we study the relation between general 0-dimensional cusps of Γ
and twisted Fourier-Mukai partners of S. For twisted K3 surfaces, see [6] . Let (S ′ , α ′ ) be a twisted K3 surface. By the natural isomorphism
we identify α ′ ∈ Br(S ′ ) with a surjective homomorphism α
It is obvious that FM
There is a map
Proof. For l ∈ I d ( N S(S)), we define
which is an even overlattice of N S(S). Since
, we can write
for an embedding ϕ ∈ Emb(U, M l ) and an even lattice M ϕ . By the isometry
we have an isotropic cyclic subgroup λ M l / N S(S) ⊂ A T (S) and its gener-
, which define an overlattice T l ⊃ T (S) and a surjective homomorphism α l : T l → Z/dZ with Ker(α l ) = T (S). Since λ induces the isometryλ :
with both Φ( M l ) and Φ(T l ) being primitive. As in Section 3.1, the embedding Φ•ϕ ∈ Emb(U, Λ K3 ) induces an embedding Φ : M ϕ ⊕T l ֒→ Λ K3 , and the period of T l (induced from T (S)) defines the K3 surface S ϕ such that N S(S ϕ ) ≃ M ϕ and T (S ϕ ) ≃ T l . Moreover, we have the surjective homomorphism
Hence l and ϕ defines a twisted K3 surface (S ϕ , α l ) with ord(α l ) = d.
We have to verify that the correspondence (l, ϕ) → (S ϕ , α l ) induces a
. Firstly, we see that the isomorphism classes of the twisted K3 surfaces (S ϕ , α l ) is independent of the choices of embeddings ϕ ∈ Emb(U, M l ) with ϕ(f ) = l d . For two embeddings
, which is identity on T l = T (S ϕ1 ) = T (S ϕ2 ). By Lemma 2.3, we get a Hodge isometry Φ :
In the following, we write (S l , α l ) instead of (S ϕ , α l ).
Next, we see that (S γ(l) , α γ(l) ) ≃ (S l , α l ) for γ ∈ Γ S . The isometry γ of N S(S) extends to the isometry
On the other hand, there is an isometry g ∈ O Hodge (T (S)) with r(g)
, g extends to the Hodge isometry
Because we haveλ • r( γ) = r( g) •λ, the isometry γ ⊕ g extends to a Hodge isometry
which induces a Hodge isometry Φ :
Finally, we see that
). Since we have a Hodge isometry
is isogenus to N S(S), so we have an isometry N S(S) ≃ P ic(S l , B l ) by Proposition 2.2. Hence there is a Hodge embedding
Since the natural homomorphism r : O( N S(S)) → O(A g N S(S)
) is surjective by Proposition 2.2, after composing γ with an element of O( N S(S)) (and with id N S(S) ⊕ −id U ∈ O( N S(S)) 0 if necessary), γ ⊕ g extends to an orientationpreserving Hodge isometry H(S, Z) ≃ H(S l , B l , Z). Then our claim follows from Huybrechts-Stellari's theorem ( [7] ).
The proof of the assertion that ν 0 = µ
for d = 1 can be left to the reader.
where (S 1 , α 1 ) ∼ (S 2 , α 2 ) if there exists a Hodge isometry g :
Definition 3.9. Set
Since N S(S) = N S(S) ⊕ U , the map
is surjective by Proposition 4.1.1 of [14] . 
Proof. We define ξ 0 by π
) we have an isotropic cyclic subgroup λ( x ) ⊂ A T (S) of order d and its generator λ(x) ∈ A T (S) , which define an overlattice T x ⊃ T (S) and a surjective homomorphism α x : T x → Z/dZ with Ker(α x ) = T (S). Here we write λ for λ e H(S,Z) :
N S(S) ⊃ N S(S).
Similarly as the construction of ν 0 in Proposition 3.7, λ induces an isometryλ : (A f Mx , q) ≃ (A Tx , −q), which gives an embedding M x ⊕ T x ֒→ Λ K3 .
Then the isotropic vector
pends only on x, not on the choices of l ∈ I d ( N S(S)) with x = l d . Take an isometry δ ∈ r(Γ S ). Then there exists an isometry g ∈ O Hodge (T (S)) with λ•δ = r(g)•λ. Since r(g)(λ(x)) = λ(δ(x)), g extends to the Hodge isometry g :
, and the map ξ 0 is well-defined.
We prove the surjectivity of ξ 0 . For (
, where1 ∈ Z/dZ is the generator. Then we have an isotropic element x := λ −1 (y) ∈ I d (A g
N S(S)
). By the construction of (T x , α x ), we have a Hodge isometry ( 
Composing with the the natural surjection Γ S) ) and using the equality r(Γ + S ) = r(Γ S ) (due to the existence of id N S(S) ⊕ −id U ∈ O( N S(S)) 0 ), we have the following.
Theorem 3.11. There is a commutative diagram
where p + and π are the natural surjections, and ξ 0 is a bijection. The set Γ
with div(l) = d.
The set r(Γ
) is relatively easy to calculate.
Corollary 3.12. If there is an embedding U ֒→ N S(S), then ν
In particular, we have the formula
with div(l) = d}.
Proof. Since there is an embedding U ⊕ U ֒→ N S(S), p + is bijective by Proposition 4.1.3 of [14] . On the other hand, we have an embedding U ⊕ U ֒→ N S(S) ⊂ M x so that Proposition 2.2 implies that π is bijective.
In this way, we can obtain informations about FM 
FM-partners with elliptic fibrations
For an even lattice L, let I(L) = ∪I d (L) be the set of primitive isotropic vectors in L.
Lemma 4.2. By associating to
, there exists a one-to-one correspondence between FM ell (S) and the set
In (5),
Proof. It is known ( Corollary 6.1 of [13] ) that every primitive isotropic element of N S(S) can be transformed by the action of {±id} × W (S) to the class of a smooth elliptic curve. Thus, each element of (5) is represented by the divisor class of a smooth elliptic curve. By the Torelli theorem, it suffices to show that, if there is a Hodge isometry Φ :
there is an effective Hodge isometry Φ ′ : In what follows, we identify the two sets in Lemma 4.2. Let Zl be a degenerate lattice of rank 1, and consider the degenerate lattice U ⊕ Zl = Ze + Zf + Zl of rank 3, where (e, f ) = 1, (e, l) = (f, l) = (l, l) = (e, e) = (f, f ) = 0. The proof of the following theorem is parallel to that of Lemma 3.2 and Proposition 3.4.
Theorem 4.3. For an embedding
ϕ ∈ Emb(U ⊕ Zl, N S(S)) we have ϕ(l) ∈ ϕ(U ) ⊥ ∩ N S(S) = N S(S ϕ ) so that we get [(S ϕ , ϕ(l))] ∈ FM ell (
S). Then the correspondence
is a bijection. 
Proof. We have
Since O(M ⊕U ) acts transitively on each set {ϕ ∈ Emb(U ⊕Zl,
k , the last line can be written as
where we used Proposition 2.2 and the inclusion O(M ⊕ U ) 0 ⊂ Γ S in the last equality.
Note that div([C ′ ]) = 1 if and only if the elliptic fibration associated to O S ′ (C ′ ) has a section. If S is an elliptic K3 surface admitting a section, then FM(S) = {S} by Corollary 2.7 of [4] . Hence FM ell,sec (S) (if not empty) is exactly the set of isomorphism classes of elliptic fibrations on S admitting a section.
Corollary 4.6. The following equality holds:
where l is an arbitrary standard isotropic vector in N S(S), and A N S(S) is identified with A L by the isometry N S(S) ≃ U ⊕ L.
Proof. By Proposition 2.4, O(N S(S))\I
by Proposition 2.7. Now the assertion follows from Corollary 4.4.
FM ell (S) and certain 1-dimensional cusps
Definition 4.7. Set I st 2 ( N S(S)) := E ∈ I 2 ( N S(S)) there is e ∈ N S(S) with(e, E) = Z . (6) If we take f, l ∈ E so that (e, f ) = 1 and Ker(e, ·)| E = Zl, then E + Ze = Zl + Zf + Ze ≃ U ⊕ Zl. We may assume that e in (6) is taken to be isotropic.
(2) If e, e ′ ∈ N S(S) satisfy the relations (e, E) = (e ′ , E) = Z and Ker(e, ·)
Here f ′ ∈ E is an arbitrary element satisfying (e ′ , f ′ ) = 1.
Here l (resp. l ′ ) is a generator of Ker(e, ·)| E (resp. Ker(e ′ , ·)| E ).
, which is identity on Zl.
(2) Both {l, f } and {l, f ′ } are basis of E, so that f ′ = f +αl for some integer α ∈ Z. Hence (e, f ) = (e, f ′ ) = 1, and (S Ze+Zf , l) ≃ (S Ze+Zf ′ , l) by (1). On the other hand, (S Ze+Zf ′ , l) ≃ (S Ze ′ +Zf ′ , l) by Lemma 2.3.
(3) As in the proof of (2), l ′ = l + βf for some integer β ∈ Z. If we project l ′ ∈ (Ze ′ + Zf ) ⊥ to (Ze + Zf ) ⊥ , the image of l ′ is given by l. Now the claim follows from Lemma 2.3.
Now we relate FM
whose closures contain 0-dimensional standard cusps, via Theorem 4.3. Similarly as Lemma 3.5, the projection
is bijective. 
is bijective. In particular, we have µ
by Lemma 4.8 (2). If we set e
′′ := ±(δe−γm) and m ′ := ±(−βe+αm), then the correspondence has exactly one 0-dimensional cusp corresponding to S.
Proof. The assertions except the last one are consequences of Corollary 2.6 and Proposition 4.10, while the last assertion is Corollary 2.7 of [4] .
However, the map µ 1 is not injective in general. By Lemma 4.8 (3) , it is easily seen that
for E ∈ I st 2 ( N S(S)), where Γ E S = {γ ∈ Γ S | γ(E) = E}. The right hand side of (7) is the set of standard cusps appearing in the canonical compactification of the curve Γ E S \B E ≃ Γ E S \H (cf. (4)). From the identification (7), we observe the following two facts. Firstly, for two elliptic K3 surfaces (S 1 , l 1 ) and (S 2 , l 2 ) with S 1 ≃ S 2 , µ 1 ((S 1 , l 1 )) = µ 1 ((S 2 , l 2 )) if and only if the two distinct standard cusps µ 0 (S 1 ) and µ 0 (S 2 ) are connected by the 1-dimensional cusp µ 1 ((S 1 , l 1 ) ). Secondly, fixing an elliptic K3 surface (S, l), we have
where µ 1 ((S, l)) is the closure of the 1-dimensional cusp µ 1 ((S, l)) in Γ
, and mult x (C) is the multiplicity of the curve C at the point x. Hence FM ell (S) carries informations about canonical compactifications of certain 1-dimensional cusps themselves. We remark that, by Proposition 3.7 and Theorem 4.3, an elliptic fibration on an FM-partner S ′ ∈ FM(S) gives rise to a twisted FM-partner of S. If the elliptic fibration has a section, then S ′ ≃ S, and the resulting twisted FMpartner is also isomorphic to S by Proposition 4.10. In particular, non-twisted FM-partner except S itself can never be obtained in this way.
When two elliptic K3 surfaces are connected by a 1-dimensional cusp, there certainly exists a geometric (but not so direct) relation between them. Let L ∈ P ic(S) be the line bundle associated to an elliptic fibration, and denote by l ∈ N S(S) the class of L. Define the isotropic lattice E := Zl ⊕ H 4 (S, Z). Assume we are given a hyperbolic plane
For brevity, we write S ′ instead of S Ze ′ +Zf ′ . The situation is that, two non-isomorphic elliptic K3 surfaces (S, l) and (S ′ , l ′ ) are connected by the boundary curve corresponding to E. Let π 1 : S × S ′ → S and π 2 : S × S ′ → S ′ be the projections. For a coherent sheaf E on S × S ′ , we can associate the Mukai vector
The following proposition gives a way to obtain l ∈ N S(S) from l ′ ∈ N S(S ′ ).
Proposition 4.12.
(1) There is a coherent sheaf E on S × S ′ such that the cohomological FM transform
is a Hodge isometry with
is a multiple of L.
Proof.
(1) Firstly, we claim that the H 0 (S, Z) component of e ′ is not 0. Assume e ′ = (0, m, s). Since f ′ ∈ E = Zl ⊕ H 4 (S, Z), we can write f ′ degreewise as f ′ = (0, αl, t) for some integer α. Then we have 1 = (e ′ , f ′ ) = α(m, l). It follows that div(l) = 1, so we have (S, l) ≃ (S ′ , l ′ ) by Proposition 4.10. This contradicts the assumption. Since (e ′ , e ′ ) = 0 and (e ′ , f ′ ) = 1, then according to [9] , [11] (or Proposition 10.10 of [5] ), there exists a coherent sheaf E ′ on
The last equation is a consequence of the Grothendieck-Riemann-Roch formula (cf. Corollary 5.29 of [5] 
Hence,
Note that the statement of Proposition 4.12 is symmetric with respect to (S, l) and (S ′ , l ′ ). In this way, we can construct
, it is not true in general that the first Chern class of the line bundle det(
−1 is isotropic.) To obtain an elliptic curve on S ′ , we first eliminate the fixed components of the linear system det(
and then we take a connected component of generic member of the moving part. We give an example for which µ 1 is not injective. (1) G(U (r)) = {U (r)}.
(2) # FM(S) = 2 τ (r)−2 ϕ(r), where ϕ is the Euler function.
(3) S has two non-isomorphic elliptic fibrations, whose image by µ 1 are different 1-dimensional cusps .
With respect to the basis
where the second equality follows from the Chinese Remainder theorem. Direct calculations show that O(A U(p
, the second assertion follows. Now (2) follows from (1), Claim 4.14, and the counting formula for #FM(S) ( [4] ).
(3) N S(S) has exactly four primitive isotropic elements {±l, ±m}. We may assume that l, m are classes of effective divisors. Since W (S) = {id}, both of l, m are classes of elliptic fibrations by the first part of the proof of Lemma 4.2. The only isometry of N S(S) mapping l to m is ι, which is not compatible with any element of O Hodge (T (S)) = {±id} on the discriminant group. Therefore (S, l) and (S, m) are not isomorphic. If there exists γ ∈ Γ S which sends µ 1 ((S, l) 
, which does not coincide with {±id}. The assertion (4) follows from (2) and (3). (5) By (1), for each E ∈ I st 2 (U (r) ⊕ U ), we can find a basis {l 1 , m 1 , e 1 , f 1 } of U (r) ⊕ U such that E = Zf 1 + Zl 1 and (l 1 , l 1 ) = (m 1 , m 1 ) = (e 1 , e 1 ) = (f 1 , f 1 ) = (l 1 , e 1 ) = (l 1 , f 1 ) = (m 1 , e 1 ) = (m 1 , f 1 ) = 0, (l 1 , m 1 ) = r, (e 1 , f 1 ) = 1. Take integers α, β ∈ Z so that β and rα are coprime to each other. Then there exist γ, δ ∈ Z such that βδ + rαγ = 1. Set f 2 := αl 1 + βf 1 ∈ E, e 2 := γm 1 + δe 1 , l 2 := δl 1 − rγf 1 ∈ E, m 2 := βm 1 − rαe 1 . We have an isometry ϕ (α,β,γ,δ) ∈ O(U ⊕ U (r)) E which maps e 1 (resp. f 1 , l 1 , m 1 ) to e 2 (resp. f 2 , l 2 , m 2 ). On the discriminant group A U(r)⊕U , ϕ (α,β,γ,δ) ( Note that, the image of δ in Z/rZ is uniquely determined by α, β as above. Conversely, given f 2 = αl 1 + βf 1 ∈ E with div(f 2 ) = 1, we can find e 2 = γm 1 + δe 1 + ǫf 1 + ζl 1 with (f 2 , e 2 ) = 1, (e 2 , e 2 ) = 0. We have βδ + rαγ = 1. Then Lemma 4.8 (3) assures that we are allowed to take e ′ 2 := γm 1 +δe 1 instead of e 2 . In this case, l 2 = δl 1 −rγf 1 . Setting m 2 := βm 1 −rαe 1 , we get ϕ (α,β,γ,δ) ∈ O( N S(S)) which maps f 1 (resp.e 1 , l 1 , m 1 ) to f 2 (resp.e ′ 2 , l 2 , m 2 ). Therefore, each Ze 2 + Zf 2 + Zl 2 ∈ µ −1 1 (E) can be written as ϕ (α,β,γ,δ) (Ze 1 + Zf 1 + Zl 1 ) for some α, β, γ, δ ∈ Z with βδ + rαγ = 1. Recall that ϕ (α,β,γ,δ) ∈ Γ S · ϕ (α ′ ,β ′ ,γ ′ ,δ ′ ) if and only if r U(r)⊕U (ϕ (α,β,γ,δ) ) = ±r U(r)⊕U (ϕ (α ′ ,β ′ ,γ ′ ,δ ′ ) ). Since r U(r)⊕U (ϕ (α,β,γ,δ) ) is expressed as the matrix , y → C ϕ(e) + y − (y, y) 2 ϕ(f ) . , ω → RReω + RImω.
Here the right action of GL , and set ∆(S) := {δ ∈ N S(S) | (δ, δ) = −2}.
